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DUST LATTICE WAVES IN A HEXAGONAL LATTICE
OF PARAMAGNETIC GRAINS

B.Farokhi ! and M.Shahmansouri >

Physics Department, Arak University, Arak, Iran
e-mail: b-farokhi @araku,.ac.ir

2 . ] R
e-mail: mshmansouri @ gmail.com

Dust lattice (DL) modes are studied in a hexagonal two-dimensional lattice in
plasma crystal, include paramagnetic dust particles. The gradients of magnetic field,
electric fields and dust charge taken into account. A novel type of coupling between
transverse and longitudinal modes, due to these gradients is found. Also these
gradients modifies the levitation condition and affect the frequencies of dust lattice

waves.

Introduction

Dust lattice waves are produced by the
oscillations of regularly spaced charged
micro particles suspended in a plasma
crystal, which form as a result of strong
mutual coulomb interaction. Crystalline
complex plasma structures has been
observed in recent rf discharge experiments
[1], in which the plasma sheath was
embedded in an external magnetic field.
Theoretical studies then followed for the
investigation of conditions for magnetic-
field-assisted crystal equilibria involving
paramagnetic charged dust grains. The role
of various forces acting on paramagnetic
grains has been discussed in Ref. [2], where
magnetic forces have been shown to prevail
over the (weaker) electric polarization
forces. Also effect of magnetic field in dusty
plasma lattice has studied in Ref. [3,4]

Recently, Yaroshenko et al, studied
the vertical vibrations of a one-dimensional
string of magnetized particles, taking into
account the magnetic force associated with
gradients of an external magnetic field, and
they founded a new low-frequency
oscillatory mode [5]. The influence of an
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inhomogeneous magnetic field, ion focusing
effect and equilibrium charge gradient on
the propagation of DL modes in a 1D string
by paramagnetic particles is considered in
Ref [6], and they founded the modification
of DL waves. Dust lattice waves in
hexagonal dusty plasma crystal studied
before [7-8]. Bending mode in hexagonal

dusty plasma crystal has studied by
S.V.Vladimirov [8].
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Figure 1. Hexagonal structure of dusty plasma crystal.
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Vibrational modes in a hexagonal lattice m , parallel to the external magnetic field.
of paramagnetic grains The magnetic moment of a particle with
radius a and magnetic permeability 4, in an

The hexagonal structure of dusty external magnetic field B is

plasma crystal show in Figure 1.
In this section to describe the modes m=H"" a ‘B=0B. (D

in a dusty plasma with magnetized grains, H+2

we consider a hexagonal crystal, where the

spherical dust grains have magnetic moment

The influence of a inhomogeneous magnetic field on a magnetized grains is
d(—n- B)
Z

F, =- =2aB(0B/dz) = 2aB,B, +2a(B,B; + B )z +---, )

where a series expansion used for B. The electric force, by using from the same series
expansion for Q and E is

F,=QE=0Q\E, +(Q0E(,) +Q(;E0)Z+"' 3)

The electrostatic and magnetic energy due to interaction between the origin (0’th) grain
and its neighbors (i’th grains) of crystal can be written as

2 o i e, 4)

The particle interaction force acting on the o’th particle can be presented as
F,, =-dU,,/0F,. ®)

The dipole interactions are also short ranged, so that we need only to consider the nearest
neighbor particle interactions. The equation of motion for the origin particle in crystal is

F=-VU, +F +F,-Mg. (6)

Using from Egs. (2)-(6), and considering only small oscillations (¢, v and z <<d) around
the equilibrium position, it gives he component of linear equation of motion for origin particle

m—1,n - um,n)

3
Mii+2)Mii = (U’ - ‘;d “)(umﬂn

’ ” 2
3Uo + ﬂ _ 9ﬂom0

+( 4d 4 8ﬂd5 )[um+x/§/2,n+l/2 +um—\/§/2,n+l/2 +um—\/§/2,n—l/2
U, N3U7 15\ 3u,m?
+um+x/§/2,n—1/2 - 4”m,n] +(= 4d + 4 - S’ )[vm+\/§/2,n+1/2
@)
TV oS3 2nt112 + Vo3 12m-172 Vm+ﬁ/2,n—1/2]
3#0 [ ()
( 4-ﬂ'd )[ m+l n_ Zm—l,n]
3#() 0 ()
+(——=7 S )[Zm+ﬁ/2,n+1/2 T B2 Cme3 20112 + Zm+\/§/2,n—1/2]
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. . U 3um’
My +2My = (— ———% +v, .,V
W (d 471’(15 )( m+1n m,n)

U, 3U7 39um’

+(7+ 4 - Sd’ )[vm+fa/2,n+1/2+vm—ﬁ/2,n+1/2

TV G2 T Vid3 212 4vm,n] ®
V3U7 15\3u,m

+( 4 - 8d° )[um+«/§/2,n+l/2_umfx/E/Z,nJrl/Z

tu, J3/2,n- 1/2_um+\/§/2,n—1/2]

3\/_ﬂ0 0 ()

87Zd4 )[ L3 1204112 + LeBGronsi2  fmeGian-1/2 Zm+x/§/2,n—1/2]

9/10’”0
47’ )z Tt Tnorn T L3 1204112 + L3 204112
3u,m
tz t 232012 —6z,,)+ (= szo 0)[ Uppit = Uy )

m—=/3/2,n-1/2

3ﬂ0m0m0
" (_W) [um+«/§/2,n+l/2 U2 T B2 T um*‘ﬁ/z*’“”z] ©)

3\/_ﬂ0 () ()

Qd” )[ Vo3 1 204112 + Vo3 124172~ V31202112 _vm+\/§/2,n—1/2]

+(QE) z-2a(BB) z
where u, v and z, are displacement components of the origin particle; m, stands for the

2
equilibrium  magnetic  moment of the  grains, and U =-— Q, Se 1+ K)
° dze,d

o

2
U” = 9, e (2+2Kk+x?). Subscript ““0°" denotes the equilibrium position z=0. There is

* dne,d’
always a position where gravitation can be compensated by the electric and magnetic field
, 0,0, _umm,
Mg=Q E +20B B, —6——-+4+6——""~. 10
8§ =0k, +208,8, =0 i O 4o

Assuming now that u, .V, . ,2,, varies as o<expli(kmd + knd + kld — at)], yields
from the equation of motion

[@® +2iyw+ D, Ju+ D,,v +iD,z=0 (11)

D,u+[@ +2iy@o+ D,,Iv+iD,;z=0 (12)
iD,u+iD,,v+[®® +2iyw+ D]z =0 (13)

where

, 3>,uom02 . 5 kdcos@
D, =4U, - v Ysin?( 5 )

U, U’ -
vaYe Yo 9,u0n§0 )[sinz(kd cos(t9+7£/3)) N sin2(kd cos(d 7[/3))]
4d 4 8 2 2

D, =-2(- \Ego + \/§4U 15\;;‘52 “)[cos(kd cos(6 + 7/ 3)) —cos(kd cos(8 — 7 / 3))]
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3u,m umm, . .
D, = #sm kd cos(6 # sin(kd cos(@ + 7/ 3)) —sin(kd cos(0 — 7/ 3
13 Py ( @) - pp— [sin( ( ) ( ( )]
D, =—( \EU" 15\/_’u” e )[cos(kd cos(6 + 7w /3)) — cos(kd cos(6 — 7z /3))]
2 Amd’
U, 3um, . , kdcosf
D,, = 4(7— ppr )sin®( 5 )
’ ” 2
N 4(£ N U, 39,1101;10 Jsin? (kd cos(d + 71'/3)) +sin? (kd cos(d — 72'/3))]
d 4 8md 2 2
D,, = 3\/_,u 7rnd oo [sm(kd cos(@ + 7 /3)) +sin(kd cos(@ — 7/ 3))]
D,, (- 3, m ”4 Q Q. —(I+ x))[sin(kd cos(8)) + — (s1n(kd cos(@+7x/3))
27d 27[80

—sin(kd cos(8 —  / 3)))]

3umm, Q, Q "
+
4md® | 4ze

D, =—/3(- —(1+ K))[sin(kd cos(8 + 7r/3)) + sin(kd cos(6 — /3))]

Qe ™™ 9u m’> . , kdcos(6) . 5 kdcos(@+7x/3)
—4— 1+ x)+ —>2)[sin”" (———) +sin
D, =4( dz( ) ppmE )[sin”( 5 ) ( 5

72 -k ” —K
+sin? (kd cos@—z/3) )]— 0, ¢ cos(kd cos(0)) + —3Q"Q”e
2 2re,d 2re,d

)

Q;2e—K
2re,d
If we set Q"=0,B"=0,E"=0 in Egs. (11)-(13), the vertical oscillatory mode is a

independent mode, while two other modes are coupled yet. In this case the vertical component
of equation of motion is

+

[cos(kd cos(6 + 7/ 3)) + cos(kd cos(6 — 7 /3))]+ (QE),, + 2c¢(BB’),

.. . U’ 9um’
M7 +2yMz = ( d” + 47;d50 W Zpstn + Zoncin
L i3 12.041/2 + L3 1204112 + L3 12.0-112 (14)

+ Ls3i2n-12 6Zm,n)

which in accordance to Eq.(1) of Ref.[8], else in second term in vertical frequency due to
dipole interactions.

Two another components of equation of motion is same as Eqgs. (14), (15) of Ref. [7],
approximately. These equations are include the effect of dipole-dipole interactions, and it leads
to modified coefficients

) . . 3um
MM + ZWM = (Uo _%)(umﬂ,n + um—l,n - um,n)
3U, , Uy _pm,
+( 4d +7_ S’ )[um+ﬁ/2,n+1/2 T U o2

+u

m—3/2,n-1/2 TU 1112 _4um»n] (15)

_N3U; | 3Uy 15\3um;

4d 4 8z’ )[vm+ﬁ/2,n+1/2

Vm—ﬁ/ 2.n+1/2 + Vm—ﬁ 120-1/12 Vm+\/§ /2.n—1/ 2]
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U 3um’
MV+2MYy = (————)V, 1 s F Vi = Voun)
W d 472_615 +1, 1, s
U, 307 39um’

+ (74' 4 - 8’ )[vn1+\/§/2,n+1/2 +vm—\5/2,n+1/2

+vm—\/§/2,n—l/2 +vm+ﬁ/2,n—1/2 _4vmsn] (16)
+( 4 - S’ )[”m+«/§/2,n+1/2 U B2

U iam T Mm+«/§/2,n71/2]

But if gradients of fields and charge to be account, Eqgs.(11)-(13) shows a coupling
between three modes. Dispersion relation can obtain from simultaneous solution of these
equations, so one can obtain dispersion relation

@ +2iyw+ D, D, D,
det D,, @ +2iyw+ D,, iD,, =0 (17)
iD,, iD,, @ +2iyw+ D,

Three dust lattice modes are mixed, via Eq. (17), which for study of coupling of modes it
should be plotted and be compared with modes in absent of coupling.
If a complex form as @ — w, +iw, considered for frequency, and using from @, << @,

condition, then substituting this form of frequency in Eq. (17), one can obtain real part and
imaginary part of this equation, respectively

a)r6 + wj[Dn +Dy + Dy ]+ a)r2 [D,,Dy; + DDy, = D, D,
+D;,(Dy; + D)1+ ,[2(w, + y)D,; Dy, | (18)
+D,(D,,Dy3 + Dy,Dy,) = Dy, D, Dy + D), D,y Dy, =0

@ [6®, +6Y1+ @ [4@. (D, + D, + D,))
+ 47(D33 + Dzz + Du)] + wrz [_D13D31]
+0,[2@, +y)(D;;D,, + D;,D,;) (19)
+ 2D11 (@, +)(Ds; + D)~ 2(0)1' +7)D,D,,]
+Dy;D,, Dy, - D;;D;,D,, =0

Egs. (18) and (19) should solve dust crystal has studied, including gradients
simultaneously, to obtain a numerical of magnetic and electric fields and dust
expression for real and imaginary part of charge. Paramagnetic property of dusts,
frequency. Then by using of these numerical leads to modification of frequencies of dust
expressions, and plotting of these two part lattice waves. When these gradients taken
of frequency, one can study coupling of dust into account, the main conclusion is
lattice modes. The behavior of imaginary coupling of three modes. Also these
part of frequency, shows probably gradients modifies the levitation condition
instability of wave propagation. and affect the frequencies of dust lattice

In summary the propagation of dust waves. This implies that the characteristics
lattice modes in a hexagonal paramagnetic of dust lattice mode coupling can be
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effectively controlled externally, due to
gradients by experimental conditions.
Conclusion

The propagation of dust lattice mode in
a hexagonal paramagnetic dust crystal has
studied, including gradients of magnetic and
electric fields and dust charge. Paramagnetic
property of dusts, leads to modification of
frequencies of dust lattice waves. When

these gradients taken into account, the main
conclusion is coupling of three modes. Also
these gradients modifies the levitation
condition and affect the frequencies of dust
lattice waves. This implies that the
characteristics of dust lattice mode coupling
can be effectively controlled externally, due
to gradients by experimental conditions.
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BuB4aroThCSI MOZM MUJIOBOI T'PATKH Yy T€KCAaroHANbHIN TBOBUMIpHIH TpaTIi y
KpHUCTAJTI TIJIa3MHU, 110 BKITIOYAE IMapaMarHiTHI YaCTHMHKH MIJTy. BpaxoBaHo TpamieHTH
MAarHiTHOTO IOJIS, CJICKTPUYHOIO IMOJIS 1 3apsiiy IMIIMHOK. BHSBICHO HOBHMH THII
B3a€MOJIIT MiX MOMCPEYHHMHU 1 MO3MOBXHIMU MOJAMH BHACIHIJIOK HASBHOCTI IIMX
rpajgieHTiB. Bka3zaHi TpafieHTH TaK0oX 3MIHIOIOTh YMOBH JICBITAlli i BIUTUBAIOTH Ha

YaCTOTH XBUJIb ITHMJIOBOL I'PaTKHU.
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